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Daytime use of adaptive optics (AO) at large telescopes is
hampered by shot noise from the bright sky background.
Wave-front sensing may use a sodium laser guide star ob-
served through a magneto-optical filter to suppress the
background, but the laser beacon is not sensitive to overall
image motion. To estimate that, laser-guided AO systems
generally rely on light from the object itself, collected
through the full aperture of the telescope. Daylight sets
a lower limit to the brightness of an object that may be
tracked at rates sufficient to overcome the image jitter.
Below that limit, wave-front correction on the basis of the
laser alone will yield an image that is approximately dif-
fraction limited but that moves randomly. I describe an iter-
ative registration algorithm that recovers high-resolution
long-exposure images in this regime from a rapid series of
short exposures with very low signal-to-noise ratio. The
technique takes advantage of the fact that in the photon
noise limit there is negligible penalty in taking short expo-
sures, and also that once the images are recorded, it is not
necessary, as in the case of an AO tracker loop, to estimate
the image motion correctly and quickly on every cycle. The
algorithm is likely to find application in space situational
awareness, where high-resolution daytime imaging of arti-
ficial satellites is important. © 2018 Optical Society of America
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High-resolution imaging through the Earth’s atmosphere re-
quires that the blurring effects of turbulence-induced wave-
front aberration be corrected either with adaptive optics (AO)
or by numerical image restoration. The former is preferred
where possible because of the improved sensitivity arising from
a more advantageous distribution of photon noise in the light
from the object itself. While AO systems on large telescopes are
presently used exclusively at night, a number of applications
would benefit from the use of AO during the day. That is chal-
lenging for a number of reasons. Seeing in the daytime is typ-
ically worse than at night because of thermal plumes arising
from solar heating of the ground. The wave-front sensor (WFS)
suffers from shot noise in the bright sky background and may
also simply saturate, preventing it from providing any useful
information.

Beckers and Cacciani [1] suggested in 2001 that the value of
extremely large telescopes (ELT) of 25 m and bigger could be
extended by using them with laser-guided AO at thermal infra-
red wavelengths during the day since the limitation imposed by
the sky background in these bands is no worse than at night.
High-resolution daytime imaging of artificial satellites would
also be of value to the space community [2]. Observations of
low-Earth orbit satellites are now largely restricted to so-called
terminator mode around dawn and dusk when the satellite is
sunlit, but the sky is still dark. It is presently also very challenging
to observe an important class of objects in sun-synchronous or-
bits that always appear over a given site at the same time of day.

In that same paper, Beckers and Cacciani suggested that a
practical daytime AO system could be implemented with a so-
dium laser guide star (LGS) when theWFS employs a magneto-
optical filter (MOF) [3–5]. An MOF offers a transmission
profile of typically just 10 pm width [6], which passes the LGS
light with high efficiency but blocks light at all other wave-
lengths, very effectively reducing the sky background. We have
shown experimentally that the combination of a sodium LGS
and MOF is viable for daytime AO wave-front sensing [7].

It is well known that global wave-front tilt cannot be esti-
mated from LGS signals because of the unknown beam wander
on the upward path. Generally, an independent tracking camera is
used, looking at light from the object of interest itself or, in astro-
nomical usage, a nearby reference star. But what if no suitable
object is available? High-order wave-front corrections applied by
reference to the LGS with no tip-tilt correction will result in an
image that is instantaneously close to diffraction limited, but that
moves around in the focal plane on the scale of the atmospheric
coherence time τ0 [8]. At very large telescopes the effect of a finite
outer scale of turbulence may admit modest correction even with-
out a tip-tilt star [9]. However, on telescopes with diameters of a
few meters or less, a single exposure substantially longer than τ0
will be blurred almost as badly as if no AO correction had been
applied at all. Yet, as the object becomes fainter, the only way to
maintain a given signal-to-noise ratio (SNR) in the presence of
high background illumination is to accumulate signal over longer
periods. This is a fundamental physical limitation.

Imaging at visible wavelengths during the day is an extreme
background-limited case where many objects of interest will be
too faint to be tracked with sufficient speed and accuracy to
correct image motion in real time. On the other hand, in this
regime even short exposures that freeze the motion will be do-
minated by background shot noise rather than read noise from
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the detector. With negligible noise penalty, then, a scheme can
be considered whereby a long-exposure image is synthesized
from a sequence of short exposures with the motion of the ob-
ject computed by an image registration algorithm and applied
as the image shifts in the computer. This shift-and-add method
[10] is already a well-known paradigm in astronomy. Robo-AO
is an example of a laser-guided AO system that successfully ex-
ploits it, using a standard cross-correlation between each frame
and a theoretical point-spread function [11]. Many other algo-
rithms have been developed for image registration, based, for
example, on maximum likelihood estimation [12,13] under the
assumption of various noise models. In this Letter, I propose an
algorithm that demonstrates robustness under conditions of
very low SNR.

There are two key differences between real-time motion cor-
rection and numerical image registration that allow the latter to
succeed where the former may fail. Both past and future history
are available to the registration algorithm, and it is not critical
to get the answer right on the first attempt. An iterative ap-
proach, possibly time-consuming, may in principle work.
The method described here exploits both these ideas under
the assumption that the object appears the same in all frames.

The distinguishing characteristic of a good co-added image
stack, where the image shifts are well estimated, compared to a
bad one is the power in angular frequencies between the seeing
limit f SL � r0∕λ and the diffraction limit f DL � D∕λ, where
r0 is the atmospheric coherence length,D is the telescope diam-
eter, and λ is the mean wavelength of observation. Outside this
range, angular frequencies are not diagnostic of the image shifts.
The uncorrected image motion does not degrade frequencies
below f SL, and those higher than f DL are attributable solely
to noise. The search algorithm seeks image shifts that maximize
the power spectrum of the co-added image within this range.

The algorithm carries out an iterative constrained Monte
Carlo search for optimal values of the image shifts. The steps
for a single iteration are summarized in Fig. 1. To begin, the
image sequence is binned in time by a factor B to improve the
SNR. Then an outer radius f UL for the optimization region in
the Fourier plane is computed. This depends on the binning:
essentially, the larger the value of B, the worse the blurring in
the binned (and as-yet-unshifted) images. The radius for en-
hancement of the power spectrum is therefore not expected to
extend all the way to the diffraction limit. To compute an ap-
propriate value for f UL, we start from the structure function,
which quantifies the variance of the change in tilt over a time
interval Δt. For short time intervals Δt < D∕V , less than the

beam crossing time for turbulence driven by wind at speed V ,
the structure function is reasonably approximated by [14]

S2�Δt� � 1.32�λ∕D�2�D∕r0�−1∕3�Δt∕τ0�2: (1)

The uncorrected tilt blurs the binned images with a Gaussian
kernel of angular width corresponding to this variance with
Δt � Btexp, where texp is the cadence of the original image se-
quence. For observations at visible wavelengths with telescopes of
D > 1 m, we will typically find ourselves in the regime where
Btexp < D∕V , so the assumption of short time scales will be
justified. The high-frequency cutoff f UL is taken to be the half
width at half-maximum of the Fourier transform of the blur
function, also a Gaussian, subject to the constraint f UL ≤ f DL.

f UL � 0.42∕S�Btexp�: (2)

The algorithm then computes a metric ε, defined as the sum
of the power spectrum of the co-added image stack over an
annulus between f SL and f UL. A Monte Carlo search over im-
age shifts ξk, υk maximizes ε according to
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: (3)

In Eq. (3), F �� represents the Fourier transform, I k is the
kth image in the binned sequence, and �u; v� and �x; y� are co-
ordinates in the Fourier plane and image plane, respectively.

The shifts are expanded by the binning factor B using sinc
interpolation to cover the full sequence, and the images are
recentered accordingly. Finally, the process is repeated with
B reduced by a factor of 2, rounded up to the nearest integer.
Iterations continue until either there is no further significant
change in ε or B � 1.

The interpolation relies for its effectiveness on the general
shape of the temporal structure function of the image motion.
On short time scales, the expectation value S varies approxi-
mately linearly with time delay, with the obvious implication
that motions over short time delays will be less than those over
longer delays. Interpolation from longer time scales will there-
fore tend to yield improvement on shorter time scales. This
behavior of S also implies a requirement that texp be comparable
to τ0; short exposures acquired with low duty cycle will not be
well corrected with this technique. Furthermore, setting the
summation limits in Eq. (3) requires explicit estimates of r0
and τ0. The use of imprecise values, however, will affect the
algorithm’s efficiency rather than its accuracy, so typical values
for a site may be used, and those are generally known.

The method has been tested with simulated data con-
structed from a real sequence of observations of the Hubble
Space Telescope (HST) made with the AO system at the 3.6 m
Advanced Electro-Optical System (AEOS) telescope on Mt.
Haleakala, Hawaii [15]. The sequence comprised 250 contiguous
512 × 512 frames with 2ms exposure recorded through an optical
filter centered at approximately 800 nm. The images are close to
diffraction limited; an example is shown on the right of Fig. 2.

To make the simulated data, the recorded sequence was re-
plicated 10 times to form a sequence 2500 frames long. Image
motion was modeled by shifting each frame, using the Fourier
shift theorem, according to two sequences of pseudo-random
values obeying Kolmogorov statistics for wave-front tilt. The
values, plotted in Fig. 3, were scaled to a standard deviation
of 0.25 arcsec, the expected value for r0 � 10 cm at 500 nmFig. 1. Steps in the search algorithm.
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[16]. Each frame was then replaced with the average of itself
and the next frame in the sequence. This procedure crudely
models the residual motion blur to be expected when the object
is not actively tracked by an AO system. The mean images with
and without the artificial shifts are shown in Fig. 4. Figure 5
illustrates the difference in spatial frequency content quantified
in Eq. (3). Finally, photon noise was added, assuming an inte-
grated I-band object brightness ofmobj � 9, and sky background
surface brightness of msky � 4 arcsec−2 [17,18]. For complete-
ness, Gaussian detector read noise of 3 electrons rms was also
added, although the contribution is negligible in comparison to
the shot noise: the mean sky background per pixel was 304
photons. The model parameters are summarized in Table 1.

The left panel of Fig. 2 shows one of the modeled data frames:
the object has all but disappeared. The mean object flux per frame
is 10,300 photons, leading to an SNR per illuminated pixel of less
than 0.03. For the entire object, the SNR is about 4.

The results of applying the search algorithm to the HST
data are shown in Fig. 6. The algorithm converged in three
iterations. The result is encouraging: compared to the true po-
sitions in Fig. 3, the residual is 0.037 arcsec or 0.81 λ∕D. The
final image has a resolution close to the diffraction limit.

In the case simulated here the object is too faint for effective
real-time tip-tilt correction. Given the SNR for detection, we
should expect that the accuracy of tip-tilt estimation from a single
frame would be one quarter of the object’s extent, or about 1.0 ×
0.4 arcsec along and across the body of the HST. That is already
coarser than the entire atmospheric tilt error of 0.25 arcsec rms.
Attempting to integrate past data would not help; to achieve the
SNR needed to match the residual tilt error of 0.037 arcsec found
by post-processing would require a look-back of over 500 frames,
or more than 1 s. That is long enough that the atmospheric tilt
will explore its full range, preventing any precise measurement.

Three parameters of the algorithm are set heuristically, though
automatically. The initial value of the binning B is determined
from Eq. (1) by setting S2 equal to half its asymptotic value
for large Δt, given by S2max � 2σ2tilt � 1.20�λ∕D�2�D∕r0�5∕3
[19]. (This is twice the variance of the two-axis motion.) In this
way, the SNR is improved, but the images are not blurred all the
way to the seeing limit: there is leverage to find the low-frequency
motion. The search radius for the shift values in Step 3 (Fig. 1) is
set to 5× the expectedmotion in time interval Btexp, or 5S�Btexp�.
Finally, the number of random trials is set to 100, which puts the
mean spacing between the trial shifts at 0.8S�Btexp�.

The algorithm is not real time. On a 2016 MacBook Pro, it
takes about 10 min to find the optimal shifts for the 2500 frame
HST simulation, with about two thirds of that time spent find-
ing the shifts and one third actually recentering the images.

Fig. 2. One of the AO-corrected images from the sequence collected
at the AEOS telescope and used in this study. (Left): with simulated
added noise; (right): the original image shown on a square-root scale.
Video available as Visualization 1.

Fig. 3. Random motion assigned to the 2500 data frames, modeling
5 s of elapsed time at 2 ms per frame, shown as linear plots (left) and a
scatter plot (right).

Fig. 4. Averages of the 2500 frame sequences before the addition of
noise. (a) Unshifted frames. (b) Shifted frames. Both images on linear
gray scale.

Fig. 5. Square root of the power spectrum of the noise-free HST
images. (Left): original AO-corrected frames. (Right): with artificial
shifts. Both images on the same logarithmic scale.

Table 1. Parameters of the Simulated Data

Parameter Value

Telescope diameter 3.6 m
Overall optical efficiency 25%
Center wavelength 800 nm
Optical bandwidth 22%
Atmospheric coherence length r0 10 cm at 500 nm
Atmospheric coherence time τ0 1 ms at 500 nm
Filter magnitude zero point 8.0 × 109 photonm−2 s−1

Object brightness mobj � 9
Sky brightness msky � 4 arcsec−2

Detector read noise 3e− rms
Integration time 2 ms
Pixel scale 0.0172 arcsec
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A thorough analysis of the performance of the algorithmwould
account for the spectrum of the object since that has a direct effect
on the sensitivity of ε to changes in the image shifts. It is unlikely
that the object spectrum will be known in advance, but one may
still estimate from general considerations the minimum surface
brightness where the method will have some value. To have
any traction, the initial binning must yield an equivalent integra-
tion time shorter than the time for the structure function S2 to
saturate. For delaysΔt > D∕V , where the aperture no longer acts
as a filter, S2 follows a different form than Eq. (1) and becomes
S2�Δt� ≈ 1.11�λ∕D�2�Δt∕τ0�5∕3. The maximum integration
time tmax can be estimated by setting S2�tmax� � 2σ2tilt, or
tmax � 1.05τ0�D∕r0�. For the HST simulation, this is 38 ms.

For significant improvement, the integration time must be
sufficient for features on spatial scales about a factor of two
smaller than the seeing limit to be observable at SNR > 1.
Insisting that the object signal from a patch of angular diameter
λ∕2r0 exceed the sky noise from the same patch leads to the re-
quirement F obj>4∕�πD��F sky∕tmax�1∕2�λ∕2r0�−1, where F obj

and F sky are, respectively, the object and sky fluxes in photon
s−1 m−2 rad−2 received at the detector. Substituting for tmax yields

F obj ≳ �F sky∕τ0�1∕2�r0∕D3�1∕2�2r0∕λ�; (4)

where in the spirit of the approximation I neglect factors of order
unity, and the terms highlight, respectively, the temporal, spatial,
and angular dependencies. As one would expect, larger diameter
telescopes have a clear advantage.

The HST simulation modeled a source of solid angle
4.8 arcsec2 and a mean surface brightness of 10.7 mag arcsec−2,
yielding 10,300 photons per frame. Equation (4) suggests that
in this case some correction might be obtained on objects as faint
as 2200 photons per frame, about 1.7 mag arcsec−2 fainter.

In astronomical terms, an object with surface brightness
mI ∼ 12 arcsec−2 is not faint. Even on an 8 m telescope observ-
ing in the K band where the daytime sky is about magnitude
6 arcsec−2 [20], the limiting surface brightness is about 13.6.
Only with the advent of the ELTs will it be possible to approach
potentially interesting surface brightnesses of 16 or 17 arcsec−2

in the visible and near IR bands during the day. It is worth
noting that a tip-tilt natural guide star of the same brightness
within the isokinetic angle of an object of interest would indeed
allow access to even fainter sources, although the integration times
required to overcome the high background are likely to be pro-
hibitive in all cases but the most urgent targets of opportunity.

On the other hand, artificial satellites in low- and mid-Earth
orbits seen in reflected sunlight will be accessible with this
method. Since satellites move at non-sidereal rates, it is not fea-
sible to use natural stars as tip-tilt reference beacons; light from
the object itself must be used. Satellite brightnesses depend
strongly on the nature of the reflecting surface and the wave-
length. On average, though, and regardless of their distance,
satellites appear about as bright per unit solid angle as the
moon, or about magnitude 3 arcsec−2. Solar-illuminated ob-
jects that are resolved by large telescopes dedicated to space
situational awareness will therefore generally be observable.
Future work will compare the algorithm described here to other
candidate image registration methods such as cross-correlation.
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Fig. 6. Results of the image shift computations as they improve over
three iterations. At top left is the mean image before any correction. The
number at the top of each frame quantifies the rms residual single-axis
position error. At the bottom are the Fourier search radius and the tem-
poral binning factor. The lower right panel shows the result at convergence.
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